









JUNHO 2000D jhqhudo Odjudqjldq dssurdfk
iru qrq0frqfdyh prudo kd}dug sureohpv
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MHO fodvvlfdwlrq= G;5
Nh|zrugv= Prudo kd}dug> Odjudqjldq> uvw rughu dssurdfk1
￿2
41 Lqwurgxfwlrq
Wkh pdlq wrro lq wkh olwhudwxuh wr wuhdw wkh prudo kd}dug sureohp4 lv wkh
uvw rughu dssurdfk +IRD, whfkqltxh1 Vhyhudo dxwkruv kdyh frqwulexwhg lq wklv
gluhfwlrq/ lq zklfk M1D1 Pluuohhv zdv wkh slrqhhu +vhh Pluuohhv +4<:8, dqg +4<;9,
dqg Urjhuvrq +4<;8,,1 Krzhyhu/ Pluuohhv vkrzhg wkdw lq vrph fdvhv wklv whfkqltxh
fdq qrw eh dssolhg dqg Urjhuvrq jdyh vrph vxflhqw frqglwlrqv iru lw= wkh ghq0
vlw| ri wkh rxwsxw uhvxowlqj iurp wkh djhqwv* dfwlrq wr kdyh prqrwrqh olnholkrrg
udwlr surshuw| +POUS, dqg wkh frqyh{lw| ri wkh glvwulexwlrq ixqfwlrq surshuw|
+FGIS,1 Wkh uvw frqglwlrq kdv wkh idluo| qdwxudo lqwhusuhwdwlrq ri pruh hruw/
pruh rxwsxw/ dqg dovr vhuyhv wr lpso| +zkhq wkh IRD lv ydolg, wkdw wkh djhqwv
sd|phqw lv lqfuhdvlqj lq wkh revhuyhg rxwsxw +vhh Plojurp +4<;4,,1 Krzhyhu/ wkh
vhfrqg frqglwlrq lv e| qr phdqv dv hdv| wr dffhsw= prvw ri wkh glvwulexwlrqv frp0
prqo| rffxuulqj lq vwdwlvwlfv +dqg hfrqrplfv, gr qrw kdyh wkh FGIS1 Mhzlww +4<;;,
surylghv frqglwlrqv zklfk mxvwli| wkh IRD lq wkh pxowl0vwdwlvwlf fdvh dqg zkhuh
wkh FGIS lv uhsodfhg e| frqglwlrqv wkdw duh ydolg iru sureohpv zlwk pruh wkdq
rqh yduldeoh +vhh dovr Vlqfodlu0Ghvjdjq h +4<<7,,1 Lq wkhvh fdvhv/ wkh djhqw*v xwlolw|
ixqfwlrq lq wkh rswlpdo frqwudfw lv frqfdyh rq wkh dfwlrq yduldeoh dqg frqvhtxhqwo|
wkh IRD iroorzv1
Lq wklv sdshu/ zh rewdlq wkh jhqhudo Odjudqjh pxowlsolhuv iru wklv sureohp
zklfk lqfoxghv wkh IRD dv d sduwlfxodu fdvh1 Wkh Odjudqjldq fdq eh ghvfulehg dv
iroorzv= ehvlghv wkh pxowlsolhuv uhodwlyh wr wkh lqglylgxdo udwlrqdolw| +LU, frqvwudlqw
dqg wkh uvw rughu frqglwlrq ri wkh lqfhqwlyh frpsdwlelolw| +LF, frqvwudlqw/ wkhuh
h{lvw d pxowlsolhu iru wkh vhfrqg rughu frqglwlrq dqg d pxowlsolhu iru wkh dfwlrq
yduldeohv zkhuh wkh LF frqvwudlqw lv elqglqj1 Pruhryhu/ wkhuh lv d pxowlsolhu iru wkh
ghulydwlyh ri wkh djhqw*v xwlolw| ixqfwlrq zlwk uhvshfw wr dfwlrq lq wkh erxqgdu|1
Pluuohhv +4<:8, dqg +4<;9, suhvhqw d Odjudqjldq wkdw lv glhuhqw iurp rxuv=
kh frqvlghuv d qlwh glphqvlrqdo vwdwh vsdfh dqg pxowl0glphqvlrqdo dfwlrq vhw> kh
grhv qrw frqvlghu wkh vhfrqg rughu frqglwlrq ri wkh LF frqvwudlqw> wkh erxqgdu|
frqglwlrqv gr qrw dsshdu lq klv Odjudqjldq +kh zrunv zlwk dq rshq dfwlrq vhw,> dqg
qdoo|/ ehvlghv wkh pxowlsolhuv ri wkh elqglqj dfwlrqv ri wkh LF frqvwudlqw/ wkhuh
h{lvw Odjudqjh pxowlsolhuv iru wkhlu uvw rughu frqglwlrqv1 Wklv lpsolhv wkdw wkh
qxpehu ri wkh yduldeohv +pxowlsolhuv/ vwdwh yduldeohv dqg dfwlrq, lv juhdwhu wkdq
wkh qxpehu ri htxdwlrqv +wkh uvw rughu frqglwlrqv ri wkh Odjudqjldq dqg wkh
frpsohphqwdu| vodfnqhvv Nxkq dqg Wxfnhu*v frqglwlrqv, lq d qlwh glphqvlrqdo
vwdwh vsdfh sureohp> lq rxu fdvh/ wkhvh qxpehuv duh wkh vdph1 Dv Pluuohhv kdv
klpvhoi srlqwhg rxw/ wr iroorz klv dssurdfk rqh kdv wr nqrz lq dgydqfh wkh fulwlfdo
p d q l i r o g 1W k l vl vq r ww k hf d v hl qr x us d s h u =z hg h w h u p l q hw k hf u l w l f d os r l q wm r l q w o |
zlwk wkh Odjudqjh pxowlsolhuv1 Wkh uhdvrq lv ehfdxvh Pluuohhv xvhv d orfdo Nxkq
dqg Wxfnhu Wkhruhp lq d qlwh glphqvlrqdo vwdwh vsdfh15
4 Iru d vxuyh| lq wklv wrslf vhh Gxwwd dqg Udgqhu +4<<7, dqg Uhhv +4<;:,1
5 Kh qhhgv wr sxw wkh elqglqj htxdwlrqv ri wkh LF frqvwudlqwv dqg wkhlu ￿uvw rughu frqglwlrqv dv wkh
frqvwudlqwv wkdw uhsodfh wkh LF frqvwudlqwv lq rughu wr vdwlvi| wkh uhjxodulw| frqglwlrqv ri wkh Nxkq dqg￿
Jurvvpdq dqg Kduw +4<;6, hvwdeolvkhg d Odjudqjldq iru qlwh vwdwh vsdfh dqg
qlwh qxpehu ri dfwlrq dqg xvhg lw wr dssur{lpdwh wkh vroxwlrq zkhq wkhuh duh dq
lqqlwh qxpehu ri dfwlrqv1 Iru hdfk dfwlrq/ zh frqvlghu +dv Jurvvpdq dqg Kduw
+4<;6,, wkh lqfhqwlyh vfkhph zklfk plqlpl}hv wkh +h{shfwhg, frvw ri lqgxflqj wkh
djhqw wr fkrrvh wkdw dfwlrq1 Xqghu wkh dvvxpswlrq wkdw wkh djhqw*v suhihuhqfhv
ryhu lqfrph orwwhulhv duh lqghshqghqw ri wkh dfwlrq kh wdnhv/ zh kdyh wkdw wklv frvw
plqlpl}dwlrq sureohp lv d idluo| vwudljkwiruzdug frqyh{ surjudpplqj sureohp1
Wkh dvvxpswlrq wkdw wkh djhqw*v suhihuhqfhv ryhu lqfrph orwwhulhv duh lqghshqghqw
ri wkh dfwlrq lv d vwurqj rqh1 \hw lw kdv ehhq xvhg lq prvw ri wkh dssolfdwlrqv ri
prudo kd}dug sureohpv1 Vshfldo fdvhv ri wklv dvvxpswlrq rffxu zkhq wkh djhqw*v
xwlolw| ixqfwlrq lv dgglwlyho| ru pxowlsolfdwlyho| vhsdudeoh lq dfwlrq dqg uhzdug1
Krzhyhu/ zh dovr rewdlq d orfdo Nxkq dqg Wxfnhu Wkhruhp lqfoxglqj wkh dfwlrq
yduldeoh zlwkrxw dvvxplqj wklv vshfldo w|sh ri djhqw*v xwlolw| ixqfwlrq +lq wklv fdvh
zh gr qrw kdyh qhfhvvdulo| d frqfdyh surjudpplqj sureohp,1
Zh surylgh irxu h{dpsohv zkhuh wkh IRD lv qrw ydolg= Lq wkh uvw rqh zh
xvh wkh joredo Nxkq dqg Wxfnhu Wkhruhp iru d jlyhq dfwlrq wr vroyh wkh frvw
plqlpl}dwlrq sureohp lq wkh vwdwh yduldeoh dqg zh frqfoxgh wkdw lq wklv fdvh wkh
lqirupdwlrq ri wkh vhfrqg rughu frqglwlrq +ehvlghv wkh uvw rughu rqh, lv vxflhqw
wr fkdudfwhul}h wkh rswlpdo vroxwlrq1 Wklv lv dq lqqlwh glphqvlrqdo h{dpsoh lq wkh
vwdwh yduldeohv/ zkhuh wkh Odjudqjldq dssurdfk ri Pluuohhv +4<:8, dqg +4<;9, lv qrw
dssolfdeoh1 Wkh h{shfwhg xwlolw| ixqfwlrq lv frqvwdqw lq wkh dfwlrq yduldeoh dw wkh
rswlpdo frqwudfw/ l1h1/ wkh djhqw lv lqglhuhqw wr doo ihdvleoh dfwlrqv dw wkh rswlpdo
frqwudfw dqg wkh vhfrqg rughu dssurdfk zrunv1 Wklv h{dpsoh ghprqvwudwhv wkh
srvvlelolw| udlvhg e| Pluuohhv +4<;9, +vhh wkh odvw sdudjudsk ri sdjh 453;,1 Kh
vdlg wkdw/ li wkhuh h{lvw lqqlwh vwdwhv ri qdwxuh/ lw lv srvvleoh wr kdyh dq rswlpdo
frqwudfw vxfk wkdw wkh djhqwv h{shfwhg xwlolw| ixqfwlrq lv frqvwdqw rq sduw ri wkh
vhw ri ihdvleoh dfwlrqv1 Wkh vhfrqg h{dpsoh iroorzv wkh vdph lghd/ exw wkh qxpehu
ri vwdwhv lv qlwh dqg wkh rswlpdo vroxwlrq lv vxfk wkdw wkh djhqw*v h{shfwhg xwlolw|
suhvhqwv wzr pd{lpdo srlqwv dv d ixqfwlrq ri wkh dfwlrq1 Wklv h{dpsoh vkrzv wkh
lpsruwdqfh ri wkh Odjudqjh pxowlsolhuv ri wkh elqglqj dfwlrqv ri wkh LF frqvwudlqw1
Lq wkh wklug h{dpsoh/ zh uxq wkh uvw rughu frqglwlrqv ghulyhg iurp wkh orfdo
Nxkq dqg Wxfnhu Wkhruhp lq wkh wzr yduldeohv +wkh dfwlrq dqg wkh vwdwh ydul0
deohv, lq d Pdwkhpdwlfd surjudp6 dqg zh vhh wkdw wkh lqirupdwlrq ri pxowlsoh
pd{lpdo dfwlrqv lv lpsruwdqw iru wkh fkdudfwhul}dwlrq ri wkh rswlpdo vroxwlrq/ l1h1/
wkh Odjudqjh pxowlsolhuv kdyh d qrq wulyldo frpsrqhqw lq d elqglqj dfwlrq ri wkh
LF frqvwudlqw1 Wklv h{dpsoh lv vwdqgdug= wkhuh h{lvw wzr vwdwhv +wkh orz dqg kljk
rxwsxw vwdwhv,/ d frqyh{ frvw ixqfwlrq ri dfwlrq +wkh glvxwlolw| ri wkh dfwlrq iru wkh
djhqw, dqg dq dgglwlyho| vhsdudeoh irup ri wkh djhqw*v xwlolw| ixqfwlrq> wkh sulqfl0
Wxfnhu Wkhruhp1 Lq rxu fdvh/ zh xvh wkh Nxkq dqg Wxfnhu Wkhruhp iru lq￿qlwh glphqvlrqdo vsdfhv
dqg rxu uhjxodulw| frqglwlrqv duh txlwh gl￿huhqw iurp Pluuohhv*1
6 Zh hvwdeolvk wkh ￿uvw rughu htxdwlrqv dqg wkh Nxkq dqg Wxfnhu*v frqglwlrqv ri wkh Odjudqjldq ri wkh
sureohp dqg lpsohphqw wkhvh dv d v|vwhp ri qrqolqhdu htxdwlrqv zlwk wkh htxdo qxpehu ri yduldeohv
dqg htxdwlrqv dqg xvh dq dojrulwkp lq Pdwkhpdwlfd wr vroyh wkh sureohp1e
s d ol vu l v nq h x w u d od q gw k hd j h q wl vu l v nd y h u v h 1W k hr s w l p d of r q w u d f wl vp r q r w r q h
lq rxwsxw1 Krzhyhu/ wkh djhqw*v h{shfwhg xwlolw| ixqfwlrq lv qrw d frqfdyh ixqfwlrq
ri wkh dfwlrq yduldeoh dqg wkhuh h{lvw wzr rswlpdo ihdvleoh dfwlrqv iru wkh sulqfl0
sdo= wkh orzhu dqg wkh kljkhu rqh> wkh rswlpdo dfwlrq iurp wkh ylhzsrlqw ri wkh
sulqflsdo lv wkh kljkhu rqh1
Wkh Pluuohhv* frxqwhu h{dpsoh lv uhh{dplqhg xqghu rxu dssurdfk= zh fdq sur0
ylgh Odjudqjh pxowlsolhu iru wkh rswlpdo vroxwlrq ri wkdw h{dpsoh1 Vrph fodvvlfdo
uhvxowv lq wkh olwhudwxuh ydolg xqghu wkh IRD fdq eh h{whqghg lq rxu iudphzrun1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh suhvhqw d prwlydwlqj
h{dpsoh iru wkh vwxg| ri d jhqhudo Odjudqjldq dssurdfk wr wkh sulqflsdo0djhqw
sureohp1 Lq vhfwlrq 6/ zh suhvhqw wkh prudo kd}dug prgho dqg wkh uhvxowv1 Vhfwlrq
7 jlyhv wkh qdo frqfoxvlrqv dqg h{whqvlrqv1 Ilqdoo|/ wkh dsshqgl{ surylghv wkh
surriv ri wkh wkhruhpv1
51 Dq h{dpsoh
Vxssrvh wkdw wkh dfwlrq vhw lv D @^ 3 >3=<`1 Wkhuh duh wzr vwdwhv ri qdwxuh=
4 +wkh orz uhwxuq vwdwh, dqg 5 +wkh kljk uhwxuq vwdwh, zlwk wkh iroorzlqj uhwxuqv
wr wkh sulqflsdo= 4 @4d q g5 @ 81 Wkh frvw ri wkh dfwlrq iru wkh djhqw lv
f+d,@d5/ d 5 D1 Wkh vxemhfwlyh eholhiv ri wkh sulqflsdo dqg wkh djhqw derxw wkh
vwdwh ri qdwxuh duh uhsuhvhqwhg e| d suredelolw| glvwulexwlrq frqglwlrqlqj lq wkh
dfwlrq= s4+d,@4d6 dqg s5+d,@d6/ iru doo d 5 D1 Wkh sulqflsdo dqg wkh djhqw*v




Wkh sulqflsdo rhuv d frqwudfw/ l1h1/ d sd|phqw vfkhgxoh jlyhq wkh uhwxuq +ru
wkh vwdwh ri qdwxuh,= d prqhwdu| wudqvihu {l lv sdlg iru wkh djhqw li l rffxuv
+l @4 >5,1
Wkh h{shfwhg xwlolwlhv iru wkh sulqflsdo dqg wkh djhqw duh=
X+{>d,@s4+d,x+4  {4,.s5+d,x+5  {5,
dqg
Y +{>d,@s4+d,y+{4,.s5+d,y+{5,  f+d,
uhvshfwlyho|/ zkhuh { @+ {4>{ 5,1
Dvvxph wkdw wkh uhvhuydwlrq xwlolw| ri wkh djhqw lv }hur1 Li wkh sulqflsdo
revhuyhv wkh dfwlrq/ kh fdq hqirufh wkh dfwlrq dv d sduw ri wkh frqwudfw +_wkh uvw
ehvw sureohp%,1 Krzhyhu/ zh dvvxph wkdw wkh sulqflsdo fdq qrw revhuyh wkh djhqw*v
dfwlrq/ wkhuhiruh kh vkrxog lqgxfh wkh djhqw wr wdnh wkh dfwlrq kh zrxog uhodwlyho|
suhihu +_wkh vhfrqg ehvw sureohp%,1






v1w1 Y +{>d,  Y +{>a d,>;a d 5 D
Y +{>d,  3D
Wkh IRD lv wkh vxevwlwxwlrq +zkhq lw lv ydolg, ri wkh LF frqvwudlqw e| lwv
uvw rughu frqglwlrq +wkh ghulydwlyh ri Y zlwk uhvshfw wr wkh dfwlrq htxdov wr
}hur,1 Wklv lv qrw srvvleoh lq jhqhudo ehfdxvh zkhq wkh h{shfwhg xwlolw| lv qrw d
frqfdyh ixqfwlrq ri wkh dfwlrq +fdofxodwhg dw wkh rswlpdo frqwudfw,/ wkh uvw rughu
frqglwlrq lv qrw vxflhqw wr fkdudfwhul}h wkh rswlpdo dfwlrq lq wkh LF frqvwudlqw1
Zh qhhg pruh lqirupdwlrq= wkh vhfrqg rughu frqglwlrq/ wkh pxowlsoh pd{lpd dqg
wkh ehkdylru ri Y +{>, lq wkh erxqgdu| ri wkh dfwlrq vhw1 Rxu Odjudqjldq fdswxuhv
doo wkhvh dvshfwv1
Wklv h{dpsoh looxvwudwhv wklv fdvh1 Zh fodlp wkdw wkh rswlpdo frqwudfw lv {￿ @
+3>4=5678:, dqg wkh rswlpdo dfwlrq lv d￿ @3 =<1 Li wklv lv wuxh/ wkh h{shfwhg xwlolw|
ri wkh djhqw dw {￿/ Y +{￿>, dgplwv h{dfwo| wzr pd{lpdo dfwlrqv= wkh erxqgdu|
dfwlrqv 3 dqg 31< zkhuh Y +{￿>, lv qxoo1 Zh dovr fodlp wkdw wkhvh surshuwlhv duh






v1w1 Y +{>d,  Y +{>3,
Y +{>d,  3
Wkxv/ wkh Odjudqjldq fdq eh zulwwhq dv
O+{>d,@X+{>d,.4Y +{>d,.4+Y +{>d,  Y +{>3,,
Wkh uvw rughu frqglwlrqv ri wkh Odjudqjldq duh
x3+l  {l,
y3+{l,






+x+l  {l,.+ 4 . 4,y+{l,,s3
l+d,  +4 . 4,f3+d,@3
Wkh uvw rughu frqglwlrqv duh vdwlvhg li dqg rqo| li {￿
4 @3 /{￿
5 @4 =5678:/ d￿ @
3=</ 4 @4 =95 dqg 4 @3 =9355551 Pruhryhu/ {￿
4/ {￿
5 dqg d￿ duh wkh xqltxh fulwlfdo
srlqwv ri wkh Odjudqjldq iru wkh jlyhq ydoxhv ri 4 dqg 4 dqg wkh Odjudqjldq
whqgv wr 4 xqlirupo| lq d z k h qw k hq r u pr i+ {4>{ 5,w h q g vw r41 Wkhuhiruh/
jlyhq d sdlu ri ihdvleoh frqwudfw dqg dfwlrq +{>d, iru wkh sureohp +L,/ lw lv dovr
ihdvleoh iru wkh sureohp +LL, dqg zh kdyh
X+{￿>d ￿,@O+{￿>d ￿,  O+{>d,  X+{>d,
Khqfh/ +{￿>d ￿, lv wkh vroxwlrq ri wkh sulqflsdo0djhqw sureohp1 Revhuyh wkdw
zh rqo| xvh wkh pxowlsoh pd{lpd lqirupdwlrq +wkh IRD lv qrw ydolg khuh,1S
W k hs u l q f l s d oz h o i d u hl v6 =349 dqg wkh judsklf ri wkh djhqw*v xwlolw| ixqfwlrq
dw wkh rswlpdo frqwudfw dv d ixqfwlrq ri dfwlrq lv=
Iljxuh 4
Lq wkh qh{w vhfwlrq/ zh suhvhqw d jhqhudo Odjudqjldq iru wkh prudo kd}dug
prgho/ hyhq zkhq wkhuh h{lvw dq lqqlwh qxpehu ri vwdwhv ri qdwxuh1
61 Wkh pdlq uhvxow
614 Wkh Prgho
Ohw D eh d qrq0ghjhqhudwhg frpsdfw lqwhuydo lq ? uhsuhvhqwlqj doo wkh srvvleoh
dydlodeoh dfwlrqv wr wkh djhqw1 Wkh vsdfh ri vwdwhv ri qdwxuh zloo eh uhsuhvhqwhg e|
d qrq0hpsw| vhw 
 dqg D zloo eh d 0dojheud ri hyhqwv rq 
1 Ohw x=?$?eh wkh
sulqflsdo*v xwlolw| ixqfwlrq ghqhg ryhu wkh prqhwdu| rxwfrphv zklfk lv frqfdyh
dqg glhuhqwldeoh/ y=L  D $?lv wkh djhqw*v xwlolw| ixqfwlrq ghqhg ryhu wkh
prqhwdu| sd|rv dqg dfwlrqv/ zkhuh L lv dq rshq lqwhuydo lq ?1
Iluvw/ zh zloo dvvxph wkdw y+{>d,@V+d,.P+d,y+{,/ iru doo +{>d, 5 L  D/
zkhuh V>P=D $?duh ixqfwlrqv lq F5+D,d q gy=L $?lv d frqfdyh/ lqfuhdvlqj
dqg glhuhqwldeoh ixqfwlrq/ l1h1/ wkh djhqwv xwlolw| ixqfwlrq lv d yrq Qhzpdqq0
Prujhqvwhuq xwlolw| ixqfwlrq vhsdudeoh lq dfwlrqv dqg rxwfrphv1 Wklv w|sh ri
djhqwv xwlolw| ixqfwlrq zdv xvhg e| Jurvvpdq dqg Kduw +4<;6,1
Wkh vxemhfwlyh eholhiv ri wkh sulqflsdo dqg wkh djhqw derxw wkh vwdwh ri qdwxuh
vxemhfw wr wkh djhqw*v dfwlrq duh wkh ixqfwlrq s=DD $ ^3>4` vxfk wkdw s+md,
lv d suredelolw| phdvxuh rq +
>D,/ iru hdfk d 5 D17
Zh vkdoo dvvxph wkdw wkh vhw ri doo srvvleoh frqwudfwv lv d frqyh{ vhw8 F ri
do l q h d uv x e v s d f hO ri wkh uhdo yhfwru vsdfh ri doo uhdo phdvxudeoh ixqfwlrqv rq
+
>D,1 Ohw  5 O eh wkh sulqflsdo*v prqhwdu| rxwfrph zklfk lv revhuyhg e| erwk
wkh sulqflsdo dqg wkh djhqw1





x++z,  {+z,,gs+z m d,
7 Zh fdq dovr dvvxph gl￿huhqw vxemhfwlyh eholhiv iru wkh sulqflsdo dqg iru wkh djhqw1
8 Zh dvvxph wkdw {+z, 5 L/ ;z 5 











Zh dvvxph wkdw X>Y =F  D $?duh zhoo ghqhg/ l1h1/ wkh lqwhjudov deryh
h{lvw dqg d 5 D :$
U
￿ y+{+z,,gs+z m d, lv dq hohphqw ri F5+D,i r uh d f k{ 5 F1






v1w1 Y +{>d,  Y +{>a d,>;a d 5 D
Y +{>d,  h Y
zkhuh  Y lv wkh plqlpxp ohyho ri xwlolw| iru wkh djhqw1
Wkh uvw frqvwudlqw ri wkh sureohp lv d frqvhtxhqfh ri wkh qrq0revhuydelolw|
ri wkh dfwlrq e| wkh sulqflsdo1 Lw lv nqrzq dv wkh lqfhqwlyh frpsdwlelolw| +LF,
frqvwudlqw1 Wkh vhfrqg frqvwudlqw lv ghwhuplqhg e| pdunhw irufhv ru edujdlqlqj
srzhu1 Wklv lv fdoohg wkh lqglylgxdo udwlrqdolw| +LU, frqvwudlqw1
Zh vhsdudwh wkh deryh sureohp lqwr wzr sduwv1 Lq wkh uvw rqh zh { dq





v1w1 Y +{>d￿,  Y +{>d,>;d 5 D
Y +{>d￿,  h Y




Zh duh qrw jrlqj wr glvfxvv wkh h{lvwhqfh ri vroxwlrq iru sureohpv +S,/ +S*,
dqg +S%, +iru d uhihuhqfh vhh Jurvvpdq dqg Kduw +4<;6, dqg Sdjh +4<;:,,1 Rxu
d l pl vw rf k d u d f w h u l } hw k hv r o x w l r qr is u r e o h p+ S * ,z u l w l q jl w vO d j u d q j l d qi r ud
{hg d￿ 5 D1 E| d vlpsoh fkdqjh ri yduldeoh/ zh fdq vxssrvh wkdw  y+{,@{/i r u
doo { 5 L1 Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw  Y @3 1
615 Pdwkhpdwlfdo Iudphzrun
Ohw D eh d frpsdfw qrq ghjhqhudwhg lqwhuydo rq ? r iw k hi r u p^ d>d`1 Zh
ghqrwh e| Fq+D,w k hv s d f hr iq wlphv frqwlqxrxvo| glhuhqwldeoh uhdo ixqfwlrqvH
ghqhg rq D/ q  3/ zlwk wkh wrsrorj| ri wkh xqlirup frqyhujhqfh xqwlo wkh
ghulydwlyh ri rughu q/ l1h1/ jlyhq i 5 Fq+D,/ zh ghqh wkh qrup ri i e| mmimmq @
pd{
3￿n￿q
mmi+n,mmv/z k h u hmmimmv @v x s
d5D
mi+d,m/ i+n, lv wkh ghulydwlyh ri rughu n ri i dqg
i+3, @ i1Z hk d y hw k d w+ Fq+D,>mm  mmq,l vdE d q d f kv s d f h 1
Qrz { d￿ 5 D dqg ghqh I @ ii 5 Fq+D,>i+n,+d￿,@3 > 3  n?q j1L w
vkrxog eh fohdu wkdw I lv d forvhg yhfwru vxevsdfh ri Fq+D,1 Ohw  eh wkh vhw ri doo
ixqfwlrqv lq I vxfk wkdw d￿ lv d joredo plqlpxp zklfk lv htxlydohqw wr wkh vhw ri doo
qrq0qhjdwlyh ixqfwlrqv lq I1 Wkxv/  lv d srvlwlyh frqh rq I1Z hd o v rg h  q hw k h
iroorzlqj frqfhswv= P+D, lv wkh vhw ri doo qlwh phdvxuhv ghqhg rq wkh Eruho vhwv
ri D dqg P.+D, lv wkh qrq0qhjdwlyh hohphqwv ri P+D,> I￿ lv wkh wrsrorjlfdo gxdo
ri I zlwk uhvshfw wr wkh qrup wrsrorj| dqg I￿
. lv wkh vhw ri srvlwlyh hohphqwv zlwk
uhvshfw wr wkh srvlwlyh frqh  +l1h1/  5 I￿
. li dqg rqo| li  5 I￿ dqg +i,  3/
;i 5 ,> F.+D, +uhvshfwlyho| F..+D,, lv wkh vhw ri wkh qrq0qhjdwlyh +uhvshfwlyho|
srvlwlyh, frqwlqxrxv ixqfwlrqv ghqhg rq D1
Ohw
G=Fq+D, $ Fq￿4+D,





eh wkh glhuhqwldo dqg lqwhjudo rshudwru/ uhvshfwlyho|1 Wkh iroorzlqj ohppd fkdu0
dfwhul}hv wkh vxevsdfh I dqg lw lv hdv| wr suryh=
Ohppd 6141
+l, Li q @5 / G5=I $ F+D, lv d frqwlqxrxv olqhdu lvrprusklvp dqg F.+D, 
G5+,1
+ll, Li q @4 / G=I $ F+D, lv d frqwlqxrxv olqhdu lvrprusklvp dqg li d￿ @ d
+uhvshfwlyho| d￿ @ d,/ wkhq F.+D,  G+, +uhvshfwlyho| F.+D,  G+,,1
Ohppd 614 lpsolhv dovr wkdw lqw+, 9@ ! vlqfh F..+D,l vd qr s h qv h wr iF+D,1
Zh fdq eh pruh suhflvh= Li q @5 /h y h u |i x q f w l r ql qI zlwk vwulfw joredo plqlpxp
dw d￿ dqg srvlwlyh vhfrqg ghulydwlyh dw d￿ lv dq lqwhulru srlqw ri 1 Li q @4d q g
d￿ @ d +uhvshfwlyho| d￿ @ d,/ hyhu| ixqfwlrq lq I zlwk vwulfw joredo plqlpxp dw
d￿ dqg srvlwlyh +uhvshfwlyho| qhjdwlyh, uvw ghulydwlyh dw d￿ lv dq lqwhulru srlqw ri
1 Wkh uhflsurfdo lv dovr wuxh lq erwk fdvhv1
E| Ohppd 614/ zh kdyh wkdw wkh wrsrorjlfdo gxdo ri I/ I￿/ lv lvrprusklf wr
wkh wrsrorjlfdo gxdo ri F+D,/ P+D,1 Wkhuhiruh/ zh fdq fkdudfwhul}h I￿ xvlqj wkh
iroorzlqj ohppd +wkh surri lv jlyhq lq wkh dsshqgl{=9,
O h p p d6 1 5 1 + W k hs r v l w l y hg x d or iI,1
+l, Li q @5 / iru hdfk  5 I￿
. wkhuh h{lvw d qrq0qhjdwlyh phdvxuh  rq wkh Eruho




ig . 3i33+d￿,.4i3+d,  5i3+d,
9 Vlqfh zh grq*w nqrz d surri ri Ohppd 615 lq wkh Ixqfwlrqdo Dqdo|vlv olwhudwxuh/ zh zloo jlyh rxu
surri1b
+ll, Li q @4dqg d￿ @ d +uhvshfwlyho| d￿ @ d,/ iru hdfk  5 I￿
. wkhuh h{lvw d








Iurp wkh surri ri Ohppd 615 +l,/ li wkh vxssruw ri  lv d vxevhw ri ^d . >d`
+uhvshfwlyho| ^d>d`, iru vrph A3/ wkhq 4 @ 3 +uhvshfwlyho| 5 @3 , /e h f d x v h /
li wklv lv qrw wkh fdvh/ wkh uljkw kdqg vlgh ri wkh ghqlwlrq ri  zloo qrw eh dq
hohphqw ri I￿
.1 Pruhryhu/ wkh phdvxuh  lv qlwh rq wkh frpsohphqw ri hyhu| rshq
lqwhuydo durxqg d￿1 Krzhyhu/ lw fdq eh dq xqerxqghg phdvxuh1 Iru lqvwdqfh/ wkh
phdvxuh wkdw kdv ghqvlw| sursruwlrqdo wr 4
+d￿d￿,5 ehorqjv wr I￿
. 1 Wklv phdvxuh
lv d O hy| phdvxuh ehfdxvh lw ghqhv d frqwlqxrxv ixqfwlrqdo rq I e x wl wf d qe h
xqerxqghg dw d￿1Z hk d y hw k hi r o o r z l q j =
Fruroodu|1 +Wkh gxdo ri F5+D, dqg F4+D,,1
+l, Li  5 F5+D,￿/ wkhq wkhuh h{lvw l 5? / 4  l  8/d q gdO  hy| phdvxuh zlwk




+i  i+d￿,,g . 4 i+d￿,.5 i3+d￿,.6 i33+d￿,
. 7 i3+d,.8 i3+d,
iru doo i 5 F5+D,1
+ll, Li  5 F4+D,￿/ wkhq wkhuh h{lvw l 5? >l@4 >5/d q gdO  hy| phdvxuh zlwk vljq
 rq wkh Eruho vhwv ri D vxfk wkdw
+i,@
]
+i  i+d￿,,g . 4 i+d￿,.5 i3+d￿,
iru doo i 5 F5+D,/z k h u hd￿ @ d ru d￿ @ d1
Surri1 Vlqfh wkh pds
F5+D, $ I ? 5
i $ +i  i+d￿,>i+d￿,>i3+d￿,,
lv dq lvrprusklvp dqg I￿ @ I￿
.I￿
. / wkh uhvxow iroorzv iurp wkh suhylrxv ohppd1
Wkh surri ri +ll, lv dqdodjrxv1 
616 Wkh Odjudqjldq Dssurdfk
Ohw O eh d yhfwru vsdfh/ F  O eh d frqyh{ vxevhw dqg d￿ 5 D1 Vxssrvh wkdw
X>Y =F  D $?duh ixqfwlrqv vxfk wkdw￿f
Dvvxpswlrq D41 X+>d ￿,=F $?lv d frqfdyh Jdwhdx{ glhuhqwldeoh ixqfwlrqdo
lq wkh vhw ri lqwhuqdo srlqwv ri F/ b F/: vxfk wkdw wkh glhuhqwldo X+{>d￿> ,=O $?
lv d olqhdu pds/ iru doo { 5 b F1
Dvvxpswlrq D51 Y +>d,=F $?lv dq dqh pds; iru doo d 5 D dqg
Y +{> ,=D $?lv d ixqfwlrq lq F5+D,/ iru doo { 5 F1
Ehfdxvh ri wkh dvvxpswlrqv pdgh lq wkh ehjlqqlqj ri wklv vhfwlrq/ D4 dqg
D5 duh hdvlo| vdwlvhg1 Pruhryhu/ vlqfh Y +>d, lv dq dqh pds/ iru doo d 5 D/
Y +>d,/ Yd+>d,d q gYdd+>d, duh Jdwhdx{ glhuhqwldeoh lq b F/z k h u hYd dqg Ydd
duh wkh uvw dqg wkh vhfrqg ghulydwlyh ri Y zlwk uhvshfw wr d/ uhvshfwlyho| +wkh
vdph lv ydolg iru X,1 Pruhryhu/ Y+{>d> ,@*+>d,/ Yd+{>d> ,@*d+>d,
dqg Ydd+{>d> ,@*dd+>d,/ iru doo { 5 b F dqg iru doo d 5 D/z k h u h*+k>d,@
4@^Y +{ . k>d,  Y +{>d,`/ iru doo { 5 b F/i r ud o ok 5 O dqg A3v x f kw k d w
{ . k 5 F1
Wkh iroorzlqj dvvxpswlrq lv qhfhvvdu|=
Dvvxpswlrq D61 Wkhuh h{lvwv d vroxwlrq {￿ ri +S*, zklfk ehorqjv wr b F1
Ehiruh zh hvwdeolvk rxu uhvxow zh zloo olvw wzr pruh frqglwlrqv zklfk zloo eh
dvvxphg dv k|srwkhvhv1 Hdfk fruuhvsrqgv wr d Vodwhu frqglwlrq ri +S*,1
Frqglwlrq F41 Wkhuh h{lvwv {3 5 F vxfk wkdw Y +{3>d ￿,  Y +{3> , 5 lqw+,/
Y +{3>d ￿, A 3 dqg Yd+{>d￿> , 9@3iru vrph { 5 b F1
Frqglwlrq F51 Wkhuh h{lvwv {3 5 F vxfk wkdw Y +{3>d ￿,  Y +{3> , 5 lqw+,
dqg Y+{>d￿> , dqg Yd+{>d￿> , duh olqhduo| lqghshqghqw ixqfwlrqdov iru vrph
{ 5 b F1<
E| wkh uhpdun iroorzlqj Ohppd 614/ wkh uvw sduw ri F4 ru F5 lv htxlydohqw
wr qg {3 vxfk wkdw d￿ lv wkh xqltxh plqlpxp srlqw ri Y +{3>d ￿,  Y +{3> ,d q g
Ydd+{3>d ￿, ? 31 Wkh iroorzlqj wkhruhpv duh wkh fkdudfwhul}dwlrq ri wkh rswlpdo
vroxwlrq ri wkh prudo kd}dug sureohp1 Wkh| duh dq hdv| frqvhtxhqfh ri wkh Nxkq
dqg Wxfnhu Wkhruhp dqg Ohppd 6151
Wkhruhp 6131 Dvvxph wkdw D40D6 dqg F4 ru F5 krog1 Wkhq wkhuh h{lvw l 5? /
l @4 >5/d q g 5P .+D, vxfk wkdw {￿ pd{lpl}hv=
: b F @ i{ 5 F>;k 5 O><A3 vxfk wkdw {.k 5 Fj1 Wkh v|pero  uhsuhvhqwv wkh Jdwhdx{
gl￿huhqwldo zlwk uhvshfw wr {1
; Lq wkh vhqvh wkdw Y +{4 .+ 4 ,{5>d,@Y +{4>d,.+ 4 ,Y +{5>d,/ ;{l 5 F/
l @4 >5/ ; 5 ^3>4`> ;d 5 D=
< Dqg frqvhtxhqwo|/ lw lv ydolg iru doo { 5 b F=￿￿
+l, li d￿ 5 +d>d,/




dqg Yd+{￿>d ￿,@3 /
U
D Ydd+{￿>d,g+d,@3 / 4 Y +{￿>d ￿,@3 1
+ll, li d￿ @ d +uhvshfwlyho| d￿ @ d,/





dqg Yd+{￿>d ￿,  3 +uhvshfwlyho| Yd+{￿>d ￿,  3,/
U
D Yd+{￿>d,g+d,@3 /
4 Y +{￿>d ￿,@3 43 d q gF 4l p s o l h v4  31
W k hs u r r il vj l y h ql qw k hd s s h q g l { 1
Wkhruhp 6141 Dvvxph wkdw D40D6 dqg F4 ru F5 krog1 Wkhq wkhuh h{lvw l 5? /
l @4 >5/d q g d srvlwlyh phdvxuh rq wkh Eruho vhwv ri D vxfk wkdw {￿ pd{lpl}hv=
+l, li d￿ 5 +d>d,/
O+{>d￿,@ X+{>d￿,.4Y +{>d￿,.5Yd+{>d￿,




+Y +{>d￿,  Y +{>d,,g+d,
dqg Yd+{￿>d ￿,@3 / 3Ydd+{￿>d ￿,@3 / 4Yd+{￿>d,@3 / 5Yd+{￿>d,@3 / U
D+Y +{￿>d ￿,  Y +{￿>d,,g+d,@3 / 4 Y +{￿>d ￿,@31
+ll, li d￿ @ d +uhvshfwlyho| d￿ @ d,/






+Y +{>d￿,  Y +{>d,,g+d,
dqg Yd+{￿>d ￿,  3 +uhvshfwlyho| Yd+{￿>d ￿,  3,/ 3Yd+{￿>d ￿,@3 /
U
D+Y +{￿>d ￿,
Y +{￿>d,,g+d,@3 / 4 Y +{￿>d ￿,@3 44
W k hs u r r il vj l y h ql qw k hd s s h q g l { 1
Wkhruhp 613 fdq eh hdvlo| jhqhudol}hg wr wkh pxowlglphqvlrqdo sdudphwhu fdvh1
Krzhyhu/ lw lv qrw srvvleoh wr h{whqg Wkhruhp 614 wr wkh pxowlglphqvlrqdo fdvh
43 Lq wklv fdvh/ wkh frqglwlrqv rq Yd+{>d￿> , lq frqglwlrqv F4 dqg F5 duh qrw qhfhvvdu|1
44 Vhh wkh odvw irrwqrwh1￿2
xvlqj rxu phwkrg vlqfh zh duh qrw deoh wr h{whqg Ohppd 6151 +Hyhq wkrxjk zh
wklqn wkdw/ lq wkh pxowlglphqvlrqdo fdvh/ d vlplodu fkdudfwhul}dwlrq lv srvvleoh1,
Fruroodu|1 Xqghu wkh dvvxpswlrqv ri Wkhruhp 614/ li {￿ lv vxfk wkdw Y +{￿> , kdv
d qlwh qxpehu ri pd{lpdo srlqwv= d4>===>dN/ wkh Odjudqjldq ehfrphv
+l, li d￿ 5 +d>d,
O+{>d￿,@X+{>d￿,.4Y +{>d￿,.5Yd+{>d￿,




n+Y +{>d￿,  Y +{>dn,,
+ll, li d￿ @ d +uhvshfwlyho| d￿ @ d,






n+Y +{>d￿,  Y +{>dn,,
Surri1 Zh rqo| kdyh wr revhuyh wkdw
U
D+Y +{￿>d ￿,
 Y +{￿>d,,g+d, @ 3 lpsolhv wkdw wkh phdvxuh  lv
N S
n@4
ndn/z k h u hdn lv wkh
Gludf phdvxuh frqfhqwudwhg dw dn1 
Uhpdun 41 Li O lv wkh vsdfh ri doo uhdo phdvxudeoh ixqfwlrqv rq +
>D,d q gX lv dq
h{shfwhg xwlolw| ixqfwlrq zlwk dq lqfuhdvlqj nhuqho ixqfwlrq x/w k h q4 lv dozd|v
qrq0qhjdwlyh1 Pruhryhu/ iurp wkh uhpdun iroorzlqj Ohppd 615/ li d @ 5i d4>===>dNj
+uhvshfwlyho| d@ 5i d4>===>d Nj,/ 4 @ 3 +uhvshfwlyho| 5 @3 , 1
Uhpdun 51 Wkhruhp 614 vkrzv wkdw/ xqghu wkh Vodwhu frqglwlrq +F4 ru F5,/ wkh
sureohp +S, kdv d Odjudqjldq1
Pluuohhv dqg Urehuwv +4<;3, kdyh wkh iroorzlqj uhvxow=
Iru doprvw doo45 F4 ixqfwlrq Y wkh qxpehu ri glvwlqfw pd{lpd lq d yduldeoh
lv ohvv wkdq ru htxdo wr q .5i r ud o o{ 5 b F/ dqg wkh glphqvlrq ri wkh vxuidfh
i+{>d, 5 b F  b D> Yd+{>d,@3 j fruuhvsrqglqj wr { zlwk u glvwlqfw pd{lpd lv ohvv
wkdq ru htxdo wr q .4 u/z k h u hq lv wkh glphqvlrq ri O +lq wkh fdvh ri qlwh
glphqvlrqdo yhfwru vsdfh,1
Wkhuhiruh/ wkh uhpdun deryh fdq eh xvhg iru doprvw doo ixqfwlrqv Y 1 Krzhyhu/
rxu h{dpsoh 4 vkrzv wkdw wklv lv qrw dozd|v wkh fdvh1
45 Wkh vhw ri vxfk ixqfwlrqv frqwdlqv d frxqwdeoh lqwhuvhfwlrq ri ghqvh vhwv lq wkh Zklwqh| ru vwurqj
wrsrorj|1￿￿
Qrz zh duh jrlqj wr fkdudfwhul}h wkh sureohp +S,l qw k hy d u l d e o h v{ dqg d
wrjhwkhu1 Zh jlyh d orfdo fkdudfwhul}dwlrq ri wkh rswlpdo iru wkh sureohp +S,
+vlqfh wklv lv qrw d frqfdyh sureohp lq jhqhudo,1
Dvvxph wkdw wkhuh h{lvwv d vroxwlrq +{￿>d ￿, 5 b F  D ri wkh sureohp +S,d q g
X+> , lv Jdwhdx{ glhuhqwldeoh lq +{>d, zlwk olqhdu glhuhqwldo1 Odeho D4* wkh
dvvxpswlrq D4 zlwkrxw wkh frqfdylw| k|srwkhvlv1 Vxssrvh wkdw Y lv d jhqhulf
ixqfwlrq +qrw qhfhvvdulo| dqh lq {, vxfk wkdw
Dvvxpswlrq D5*146 Yd lv d frqwlqxrxv ixqfwlrq dorqj hdfk gluhfwlrq ri O?dqg
Y +{> ,=D $?lv d ixqfwlrq lq F5+D,/ iru doo { 5 F1
Wkh fruuhvsrqghqw Vodwhu frqglwlrq lv
Frqglwlrq F61 Wkhuh h{lvwv k3 5 O ?vxfk wkdw Y +{￿>d ￿,.k3Y +{￿>d ￿, A 3
dqg Y +{￿>d ￿,  Y +{￿> ,.k3+Y +{￿>d ￿,  Y +{￿> ,, 5 lqw+,1L i d￿ 5 +d>d,/




Xqghu wkhvh dvvxpswlrqv zh kdyh
Wkhruhp 6151 Dvvxph wkdw D4*/ D5* dqg F6 krog1 Wkhq wkhuh h{lvwv d Odjudqjldq





 3>d ￿ @ d
@3 >d ￿ 5 +d> d,
 3>d ￿ @ d
dqg47 O{+{￿>d ￿,@3 / zlwk wkh Nxkq dqg Wxfnhu*v frqglwlrqv1
W k hs u r r il vj l y h ql qw k hd s s h q g l { 1
Uhpdun1 Revhuyh wkdw li d￿ 5 +d>d,d q gYdd+{￿>d ￿, ? 3/ wkhq wkh frpsohphqwdu|
vodfnqhvv Nxkq dqg Wxfnhu frqglwlrq 3Ydd+{￿>d ￿, @ 3 ri Wkhruhp 614 lpsolhv
wkdw 3 @ 3 iru Wkhruhp 6151
Wkh uhpdunv iroorzlqj Wkhruhp 614 fdq eh dovr dssolhg lq wkh fdvh ri Wkhruhp
6151
617 Uhodwhg Olwhudwxuh
Lq wkh h{lvwlqj olwhudwxuh/ zh kdyh wzr frqglwlrqv wkdw jxdudqwhh wkh vr fdoohg
IRD= wkh prqrwrqh olnholkrrg udwlr surshuw| +POUS, dqg wkh frqyh{lw| ri wkh
46 Qrz  uhsuhvhqwv wkh Jdwhdx{ gl￿huhqwldo lq wkh yduldeohv { dqg d wrjhwkhu1
47O{ uhsuhvhqwv wkh Jdwhdx{ gl￿huhqwldo zlwk uhvshfw wr wkh yduldeoh {1￿e
glvwulexwlrq ixqfwlrq surshuw| +FGIS,1 PUOS kdv wkh idluo| qdwxudo lqwhusuhwd0
wlrq wkdw d +uvw ehvw, frvwo| dfwlrq lqfuhdvhv wkh suredelolw| ri kljk rxwfrph
wkdq d ohvv frvwo| rqh1 FGIS lv qrw dv hdv| wr dffhsw/ prvw ri wkh glvwulexwlrqv
frpprqo| rffxuulqj lq vwdwlvwlfv gr qrw kdyh wklv surshuw|1 Iru lqvwdqfh/ vxssrvh
wkdw rxwsxw lv vxemhfw wr d vlpsoh dgglwlyh glvwxuedqfh   zlwk glvwulexwlrq I/d q g
hruw lv phdvxuhg lq rxwsxw whupv1 Wkh uhdol}hg rxwsxw lv jlyhq e| { @ d./d q g
  kdv glvwulexwlrq ixqfwlrq I+{  d, zklfk lv frqyh{ lq hruw li dqg rqo| li  kdv
dq lqfuhdvlqj ghqvlw|1
Urjhuvrq +4<;8, vkrzv wkdw/ lq wkh suhvhqfh ri PUOS dqg FGIS/ wkh djhqw*v
xwlolw| ixqfwlrq lv d frqfdyh ixqfwlrq ri wkh dfwlrq dw wkh rswlpdo frqwudfw dqg
wkhuhiruh wkh uvw rughu frqglwlrq ri wkh LF frqvwudlqw lv vxflhqw wr fkdudfwhul}h
LF1 Iurp wkh frpsohphqwdu| vodfnqhvv Nxkq dqg Wxfnhu frqglwlrqv ri Wkhruhp
615/ wkh IRD lv dovr rewdlqhg lq rxu iudphzrun1 Pluuohhv +4<:8, dqg +4<;9, kdv
dq h{dpsoh lq zklfk wkh IRD lv qrw ydolg zklfk zh duh jrlqj wr uhh{dplqh1 Zh
suhvhqw wzr pruh h{dpsohv lq zklfk wkh IRD fdq qrw eh dssolhg1
Wkh pxowlsolhuv ri wkh Wkhruhp 614 dqg Wkhruhp 615 kdyh d txlwh vlpsoh
phdqlqj= 4 uhsuhvhqwv wkh LU frqvwudlqw pxowlsolhu> 5 uhsuhvhqwv wkh pxowlsolhu ri
wkh uvw rughu frqglwlrq ri wkh LF frqvwudlqw> 3 lv dvvrfldwhg zlwk wkh vhfrqg rughu
frqglwlrq ri wkh LF frqvwudlqw lq wkh fdvh ri Wkhruhp 614 +l, dqg zlwk wkh uvw rughu
frqglwlrq lq wkh fdvh ri Wkhruhp 614 +ll,> l +l @4 >5, lv wkh pxowlsolhu dvvrfldwhg
wr wkh hhfw ri wkh uvw ghulydwlyh ri wkh djhqw*v h{shfwhg xwlolw| ixqfwlrq zlwk
uhvshfw wr wkh dfwlrq lq wkh erxqgdu| ri D/ d dqg d/z k h w k h ud dqg d ehorqj wr wkh
vhw ri wkh elqglqj dfwlrqv ri wkh LF frqvwudlqw1 Ilqdoo|/ wkh phdvxuh  uhsuhvhqwv
wkh pxowlsolhu zklfk fdswxuhv wkh lqirupdwlrq ri pxowlsoh pd{lpd ehfdxvh/ e| wkh
frpsohphqwdu| vodfnqhvv Nxkq dqg Wxfnhu frqglwlrqv/  kdv vxssruw rq wkh vhw ri
wkh elqglqj dfwlrqv ri wkh LF frqvwudlqw1 Wkhuhiruh/ ehvlghv wkh xvxdo whupv lq wkh
IRD Odjudqjldq/ lq wkh jhqhudo fdvh zh kdyh wr frqvlghu wkh vhfrqg rughu hhfw/
wkh elqglqj dfwlrqv ri wkh LF frqvwudlqw dqg wkh ehkdylru ri wkh uvw ghulydwlyh ri
Y +{￿> , rq wkh erxqgdu| ri D1
Pluuohhv +4<:8, dqg +4<;9, dovr kdv d Odjudqjldq dssurdfk zlwk wkh iroorzlqj
glhuhqfhv iurp rxuv= kh ghdov zlwk d qlwh glphqvlrqdo vwdwh vsdfh dqg pxowlsoh
dfwlrq yduldeohv dqg zh wuhdw wkh jhqhudo vwdwh vsdfh fdvh zlwk dq rqh0glphqvlrqdo
dfwlrq yduldeoh +hyhq wkrxjk zh kdyh d Odjudqjldq irup iru pxowlsoh glphqvlrqdo
fdvh1 Vhh wkh wkhruhp lq wkh dsshqgl{,1 Lq wkh Pluuohhv* Odjudqjldq wkh pxowlsolhu
ri wkh vhfrqg rughu frqglwlrq lv devhqw ehfdxvh kh dvvxphv wkdw doo fulwlfdo dfwlrq
duh qrq0ghjhqhudwhg48 +l1h1/ Ydd lv qrq0ghjhqhudwhg iru doo fulwlfdo srlqwv/ l1h1/ Yd @
3, dqg wkh pxowlsolhuv ri wkh uvw ghulydwlyh dw wkh erxqgdu| lv dovr devhqw ehfdxvh
Pluuohhv dvvxphv wkdw wkh dfwlrq vhw lv rshq1
Krzhyhu/ wkh pdlq glhuhqfh lv wkdw Pluuohhv* Odjudqjldq kdv pxowlsolhuv iru
wkh uvw rughu frqglwlrq ri wkh djhqw*v xwlolw| ixqfwlrq dw hdfk elqglqj dfwlrq1
Wklv lpsolhv wkdw wkh qxpehu ri yduldeohv lv juhdwhu wkdq wkh qxpehu ri htxdwlrqv
48 Krzhyhu/ zh dvvxph wkdw wkh rswlpdo dfwlrq/ zkhq lw lv lq wkh lqwhulru ri dfwlrq vhw/ lv qrq0
ghjhqhudwhg +vhh frqglwlrq F6,1￿D
iru wkh v|vwhp jhqhudwhg e| wkh uvw rughu frqglwlrq ri wkh Odjudqjldq dqg wkh
frpsohphqwdu| vodfnqhvv Nxkq dqg Wxfnhu frqglwlrqv1 Lq rxu fdvh wkh qxpehu ri
wkh yduldeohv lv wkh vdph ri wkh htxdwlrqv1
Revhuyh wkdw wkh uvw rughu frqglwlrqv ri wkh elqglqj dfwlrqv ri wkh LF frq0
vwudlqw duh dfwxdoo| uhgxqgdqw dv frqvwudlqwv ehfdxvh li wkh dfwlrq lv elqglqj lq
wkh LF frqvwudlqw/ wkhq lw dxwrpdwlfdoo| vdwlvhv wkh uvw rughu frqglwlrq1 Pluuohhv
xvhg wkhvh frqglwlrqv dv frqvwudlqwv +dgglwlrqdoo| zlwk wkh htxdwlrqv ri wkh elqglqj
LF frqvwudlqwv, iru uhjxodulw| uhdvrqv ri wkh Nxkq dqg Wxfnhu Wkhruhp +vhh wkh
lqwurgxfwlrq, dqg wklv lv zk| wkh pdwfk ri htxdwlrqv dqg yduldeohv grhv qrw rffxu
lq klv fdvh1 Lq rxu fdvh zh gr qrw qhhg wr xvh wkhvh frqglwlrqv dv frqvwudlqwv iru
wkh Odjudqjldq/ exw zh xvh wkhp dv dgglwlrqdo htxdwlrqv1 Wkh uhvxow lv wkdw zh
rewdlq wkh pdwfk ri wkh qxpehu ri htxdwlrqv dqg yduldeohv149
Dqg qdoo|/ kh grhv qrw fryhu rxu Wkhruhp 614 +ll, dqg Wkhruhp 615 zkhq
wkh rswlpdo dfwlrq lv lq wkh erxqgdu| ri wkh dfwlrq lqwhuydo1 Pluuohhv +4<:8, dqg
+4<;9, dovr revhuyh wkdw zkhq wkh vwdwh vsdfh lv lqqlwh glphqvlrqdo/ lw zrxog eh
srvvleoh wr kdyh wkh djhqw lqglhuhqw zlwk uhvshfw wr d frqwlqxrxv vhw ri dfwlrq
dw wkh rswlpxp1 Rxu h{dpsoh 4 ehorz looxvwudwhv wklv srvvlelolw|= wkh djhqw lv
lqglhuhqw wr doo wkh dfwlrqv lq wkh ihdvleoh grpdlq1
Lq zkdw iroorzv/ zh jlyh irxu h{dpsohv zkhuh wkh IRD lv qrw ydolg1 Wkh
vhfrqg h{dpsoh lv wkh h{dpsoh ri vhfwlrq 51 Lq wkh wklug h{dpsoh/ zh xvh d Pdwk0
hpdwlfd surjudp wr frpsxwh rswlpdo vroxwlrqv xvlqj wkh uvw rughu frqglwlrqv ri
wkh Odjudqjldq dqg wkh frpsohphqwdu| vodfnqhvv Nxkq dqg Wxfnhu frqglwlrqv ri
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49 Hyhq lq wkh fdvh zkhq zh wkhuh h{lvw wkh pxowlsolhuv iru wkh ghulydwlyh ri wkh djhqw*v h{shfwhg xwlolw|







$?lv dq hohphqw ri F/ d 5 D dqg {q @ {+q,1
Il{ d￿ 5 +3>4,1 E| Wkhruhp 614/ wkh dvvrfldwhg sureohp +S*, kdv wkh iroorzlqj
Odjudqjldq=
O+{>d￿,@X+{>d￿,.4 Y +{>d￿,.5 Yd+{>d￿,  3Ydd+{>d￿,
zkhuh 4  3/ 5 5?dqg 3  31 +Dvvxph/ iru d zkloh/ wkdw wkh Odjudqjh
pxowlsolhuv 4> 5 dqg wkh phdvxuh  ri Wkhruhp 614 duh qxoo1,
Li {￿ 5 F lv d vroxwlrq ri wkh sureohp wkhq +{￿> 4> 5> 3, lv d vdggoh srlqw ri
wkh Odjudqjldq/ l1h1/
+L*, O{q+{￿>d ￿,@3 > ;q @3 >4>5>==
+LL*, Yd+{￿>d ￿,@3
+LLL*, 4Y +{￿>d ￿,@3
+LY*, 3Ydd+{￿>d ￿,@3
zkhuh O{q uhsuhvhqwv wkh ghulydwlyh ri wkh Odjudqjldq zlwk uhvshfw wr wkh yduldeoh
{q1
Wkhuhiruh/ zh fdq uhzulwh +L*, wr +LY*, dv
+L, {￿
q  q @ 4 . 5
q  d￿
d￿  3
q5  +4 . 5d￿,q . d￿5
d￿5 >



















q,s+qmd￿,.5 ,@3 > 3  3=￿.
Pdnlqj wkh fdofxodwlrqv/ zh kdyh wkh iroorzlqj uhvxowv iru wkh Odjudqjh pxo0
wlsolhuv=
4 @ d￿  d￿5> 5 @ d￿+4  5d￿,@d￿  5d￿5 dqg 3 @ d￿5=
Khqfh/ wkh rswlpdo vroxwlrq lv
{￿
q @6 q  q5>q @3 >4>5>===
Revhuyh wkdw 4> 5> 3 dqg {￿ vdwlvi| wkh rswlpdolw| frqglwlrqv1 Wkhuhiruh/
{￿ lv wkh vroxwlrq ri rxu sureohp1 Revhuyh dovr wkdw {￿ lv lqghshqghqw ri d￿1L w
lv vwudljkwiruzdug wr frqfoxgh wkdw wkh djhqw lv lqglhuhqw wr doo dfwlrqv dw wkh
rswlpdo frqwudfw/ l1h1/ Y +{￿> ,@3 1 V l q f h3 @ d￿5 A 3z hf d qv d |w k d ww k h
vhfrqg rughu dssurdfk lv ydolg khuh1
Pruhryhu/ POUS lv vdwlvhg exw FGIS lv qrw1 Lw lv hdv| wr vhh wkdw wkh
vroxwlrq {￿￿ rewdlqhg e| wkh IRD lv
{￿￿
q @ d￿5 .5 + 4 d￿,q
dqg
Y +{￿￿>d,@+ d  d￿,5
zklfk grhv qrw vdwlvi| wkh LF frqvwudlqw= Lqghhg/ d￿ plqlpl}hv Y +{￿￿> ,1
H{dpsoh 51
Ohw 
 @ i4>5>6j> D @^ 4 >8`> P+d,@d+d6 . d5  d .4 , > V+d,@+d7
5 .
43d5 .4 9 , > s+d,@ 4
d6.d5￿d.4+d6>d 5  d>4,> x+{,@{> y+{,@
s
5{1
Vxssrvh wkdw wkh sulqflsdo zrxog olnh wr lqgxfh hruw 5/ l1h1/ kh zrxog olnh wr
vroyh sureohp +S*, iru d￿ @5 1S u r f h h g l q jd vl qw k hh { d p s o h4d e r y hz hk d y hw k h
iroorzlqj uhvxowv=
;
A A A A A ?






 @3 =3:47 7
l @3 >l @3 >4>5
Revhuyh wkdw wkh IRD lv qrw ydolg ehfdxvh  lv qrq0qxoo +lw lv d pxowlsoh ri
wkh Gludf phdvxuh dw wkh 7,1 Wkh jxuh ehorz lv wkh djhqw*v h{shfwhg xwlolw| dw￿H
wkh rswlpdo frqwudfw dv d ixqfwlrq ri wkh dfwlrq=
Iljxuh 5
Revhuyh wkdw dw wkh rswlpdo frqwudfw wkh djhqw lv lqglhuhqw ehwzhhq wzr
hruwv +5 dqg 7,/ krzhyhu iurp wkh sulqflsdo*v srlqw ri ylhz wkh ehwwhu hruw lv wkh
orz rqh1
H{dpsoh 61 +H{dpsoh ri wkh vhfwlrq 5,
Wr vroyh wklv h{dpsoh zh frqvwuxfwhg d vlpsoh dojrulwkp lq Pdwkhpdwlfd wr
frpsxwh fulwlfdo srlqwv ri wkh Odjudqjldq zlwk wkh frpsohphqwdu| vodfnqhvv Nxkq
dqg Wxfnhu frqglwlrqv ri Wkhruhp 61514: Wdnlqj wkh Odjudqjldq ri Wkhruhp 615
zkhq d￿ @ d +dqg frqvhtxhqwo| wkh Odjudqjldq ri Wkhruhp 614 +ll,,/ zh kdyh wkh
iroorzlqj uhvxowv=













 @3 =935555 3
H{dpsoh 71 +Pluuohhv* frxqwhu h{dpsoh,1
Lq Pluuohhv +4<:8, dqg +4<;9,/ wkhuh lv dq lpsruwdqw h{dpsoh vkrzlqj wkdw
wkh IRD lv qrw ydolg lq jhqhudo1 Xqghu wkh oljkw ri zkdw zh vdlg lq wklv sdshu/
krz fdq zh vroyh vxfk h{dpsohB
Wkh h{dpsoh lv= Ohw
X+{>d,@+d  4,
5  +{  5,
5
4: Xvlqj wkh Nxkq dqg Wxfnhu*v frqglwlrqv dqg wkh ￿uvw rughu frqglwlrqv ri wkh Odjudqjldq dqg vhsd0
udwlqj wkh lwhpv +l, dqg +ll, ri Wkhruhp 615/ zh kdyh 53 srvvleoh qrqolqhdu v|vwhpv1 Zh fdofxodwh wkh






zkhuh { 5?dqg d 5? 14; Vxssrvh wkdw wkhuh lv qr xqfhuwdlqw| dqg wkh uhvhuydwlrq
xwlolw| lv  Y @ 4 +l1h1/ wkhuh lv qr LU frqvwudlqw,1
Lq Pluuohhv +4<:8, dqg +4<;9,/ wkh vroxwlrq lv vkrzq wr eh {￿ @4d q gd￿ @
3=<8: dqg wkh uvw rughu dssurdfk fdq qrw eh dssolhg1 Krzhyhu/ Y +{>,k d vm x v w
rqh +uhjxodu, pd{lpxp/ iru doo { 9@ 41 Wkhuhiruh/ e| rxu suhylrxv dqdo|vlv/ li
{￿ 9@4z h u hw k hv r o x w l r q /w k h qw k hI R Dz r x o ge hy d o l g 1 D vo r q jd vw k l vl vq r w
wuxh/ wkh xqltxh yldeoh vroxwlrq lv {￿ @4 1
Revhuyh wkdw Y +4>, kdv wzr pd{lpdo srlqwv= 3=<8: dqg 3=<8: dqg lw lv dovr
hdv| wr qg wkh Odjudqjh pxowlsolhuv vxfk wkdw +4>3=<8:, lv wkh xqltxh fulwlfdo
srlqw ri
O+{>d,@X+{>d,.4Yd+{>d,.4+Y +{>d,  Y +{>d4,,
zlwk Yd+{>d,@Yd+{>d4,@3d q gY +{>d,@Y +{>d4,+ z k h u hd4 fdq eh vkrzq wr
eh 3=<8:,1
Wkh pdlq ihdwxuh ri wklv h{dpsoh lv lwv urexvwqhvv= rqh fdq pdnh d vpdoo
shuwxuedwlrq ri wkh sulqflsdo*v dqg wkh djhqw*v xwlolw| ixqfwlrq dqg rewdlq wkh
vdph w|sh ri vroxwlrq1 Wklv phdqv wkdw/ hyhq wkrxjk wkh IRD lv yhu| iuhtxhqw lq
wkh olwhudwxuh/ rqh fdq qrw qhjohw vlwxdwlrqv zkhuh IRD lv qrw ydolg1
Vrph uhvxowv lq wkh olwhudwxuh/ ydolg xqghu IRD/ fdq eh hdvlo| jhqhudol}hg
xqghu rxu iudphzrun1 Zh jlyh wkuhh dssolfdwlrqv=
+4, Kropvwurp +4<:<, vkrzhg wkdw 5  3 xqghu IRD1 Krzhyhu/ rxu h{dpsohv
4d q g5v k r zw k d w5 fdq eh qhjdwlyh lq vrph fdvhv1
+5, Xvlqj Wkhruhp 615/ zh fdq hdvlo| suryh wkdw li wkh POUS krogv dqg wkh
rswlpdo dfwlrq lv wkh vxsuhph ri wkh elqglqj dfwlrq vhw ri wkh LF frqvwudlqw/
wkhq wkh rswlpdo frqwudfw vkrxog eh prqrwrqh1
+6, Ohw v eh d udqgrp yduldeoh uhsuhvhqwlqj d vljqdo1 Zh fdq vkrz wkdw
wkh uhwxuq  lv vxflhqw iru +>v, zlwk uhvshfw wr d 5 D li dqg rqo| li wkh
glvwulexwlrq ri  dqg v jlyhq di+>vmd, lv pxowlsolfdwlyho| vhsdudeoh lq v dqg
d/ l1h1/
i+>vmd,@j+md,k+>v,=
Zh vd| wkdw v lv lqirupdwlyh derxw d 5 D zkhqhyhu { lv qrw vxflhqw iru
+>v,z l w ku h v s h f ww rd 5 D1 Kropvwurp +4<:<, dqg Vkdyhoo +4<:<, vkrzhg
wkdw wkhuh h{lvwv d qhz frqwudfw xvlqj v wkdw vwulfwo| Sduhwr grplqdwhv wkh
rswlpdo frqwudfw zlwkrxw xvlqj v li dqg rqo| li v lv lqirupdwlyh derxw d 5 D1
Zh fdq hdvlo| h{whqg wklv uhvxow xqghu rxu dvvxpswlrqv +vhh wkh surri lq wkh
uhihuhqfhv dqg xvh rxu Odjudqjldq dssurdfk wr gr wkh h{whqvlrq,1
71 Frqfoxvlrqv
4; Lqghhg/ zh fdq uhvwulfw rxu dwwhqwlrq wr d frpsdfw lqwhuydo lq ? zlwkrxw orvv ri jhqhudolw|12f
Lq wklv sdshu zh vwxglhg d jhqhudo fkdudfwhul}dwlrq ri rswlpdo vroxwlrqv iru
wkh prudo kd}dug sureohp zkhq wkh vhw ri sdudphwhuv lv d frpsdfw lqwhuydo lq wkh
uhdo olqh1 Zh rewdlqhg d Odjudqjldq iru wkh lqqlwh glphqvlrqdo vwdwh vsdfh1 Lq
wkh qlwh vwdwh vsdfh fdvh/ rxu dssurdfk pdwfkhv wkh qxpehuv ri htxdwlrqv dqg
yduldeohv ri wkh uvw rughu frqglwlrqv ri wkh Odjudqjldq zklfk grhv qrw kdsshq lq
wkh fdvh ri Pluuohhv +4<:8, dqg +4<;9,1
Dfnqrzohgjhphqwv1
D uvw yhuvlrq ri wklv sdshu zdv suhvhqwhg dw wkh [YLL Phhwlqj ri wkh Eud}loldq
Hfrqrphwulf Vrflhw| dqg lw zdv d sduw ri wkh Sk1G1 wkhvlv ri K1 Pruhlud1 Ilqdqfldo
vxssruw iurp FQSt1
Dsshqgl{
Vlqfh  vwulfwo| frqwdlqv d vhw wkdw lv lvrprusklf wr F.+D, xqghu wkh lvrpru0
sklvp ghvfulehg dw Ohppd 614/ I￿
. lv htxlydohqw wr d surshu vxevhw ri P.+D,1 Zh
duh jrlqj wr ghvfuleh vxfk vxevhw lq d pruh vshflf zd| lq wkh iroorzlqj ohppdv=
Ohppd 41
+l, Li q @5 /i r uh d f k 5 I￿ wkhuh h{lvwv  5P +D, vxfk wkdw +i,@
U
D i33g/
iru doo i 5 I/ dqg frqyhuvho|1 Pruhryhu/ li  5 I￿
. wkhq  5P .+D,1
+ll, Li q @4dqg d￿ @ d +uhvshfwlyho| d￿ @ d,/ iru hdfk  5 I￿ wkhuh h{lvwv
 5P +D, vxfk wkdw +i,@
U
D i3g/ iru doo i 5 I/ dqg frqyhuvho|1 Pruhryhu/ li
 5 I￿
. wkhq  5P .+D, +uhvshfwlyho|  5P .+D,,1
Surri1 Lw lv dq lpphgldwh frqvhtxhqfh ri Ohppd 614 dqg wkh idfw wkdw wkh wrsr0
o r j l f d og x d or iF+D,l vP+D,1 
Ohppd 51
+l, Li q @5 / iru hdfk  5 I￿
. wkhuh h{lvwv d qrq0ghfuhdvlqj ixqfwlrq
=D $? . vxfk wkdw 


^d￿>d‘ lv frqfdyh/ 


^d>d￿‘ lv frqyh{ dqg +i,@
U
D i333 gd .
i33+d￿,^+d￿,+d￿
￿,`/4< iru doo i 5 I/ zkhuh 3=D $? . lv dq lqwhjudeoh ixqfwlrq
rq D htxdo wr wkh ghulydwlyh ri  doprvw hyhu|zkhuh1
+ll, Li q @4dqg d￿ @ d +uhvshfwlyho| d￿ @ d,/ iru hdfk  5 I￿
. wkhuh lv d
qrq0ghfuhdvlqj frqfdyh +uhvshfwlyho| frqyh{, ixqfwlrq =D $? . vxfk wkdw +i,@ U
D i33gd . i3+d,+d, +uhvshfwlyho|/ +i,@
U
D i33gdi3+d,^+d,￿+d,`,/ iru
doo i 5 I/ zkhuh 3=D $? . lv dq lqwhjudeoh ixqfwlrq rq D htxdo wr wkh ghulydwlyh
ri  doprvw hyhu|zkhuh1
Surri1 +l, Jlyhq  5 I￿
./ e| Ohppd 4 wkhuh h{lvwv  5P .+D,v x f kw k d w+i,@ U
D i33g/ ;i 5 I1V l q f h  lv d qlwh qrq0qhjdwlyh phdvxuh/ wkh vhw G @ id 5
4< +d￿,@olpw$d￿+w,12￿
D>+idj, 9@3 j lv dq hqxphudeoh vhw1 Ohw e 5 D dqg 3 ??vxfk wkdw d￿  e





3l i d  e   ru d  e . 
4l i e   .   d  e  
4l ie .   d  e .   
dqg d $ *+d  e, lv dq rgg ixqfwlrq/ zkhuh  @+   ,@51 Ghqh i @ L5+*,1 Zh
kdyh wkdw i 5 1
Wkhq 3  +i,@
U e.￿
e￿￿ *+d,g+d,1 Pdnlqj  $ 3/ zh kdyh wkdw +^e  >e`, 
+^e>e . `,1 Dqdorjrxvo|/ li e 5 D lv vxfk wkdw e .   d￿ dqg e>e  >e . @ 5 G
wkhq +^e>e . `,  +^e  >e`,1
Ghqh =D $? . e| +d,@+^d>d`,/ ;d 5 D1W k h q  lv d qrq0ghfuhdvlqj






































Wkhuhiruh/ wdnlqj wkh olplw lq {/z hk d y h+e￿, 
￿+e￿,.￿+e,
5 1V l q f h  lv qrq0
ghfuhdvlqj/ +e￿,@+e,1 Wkxv  lv frqwlqxrxv dw e dqg G _ ^d￿>d` i d￿j1
Wklv lpsolhv wkdw  lv d frqfdyh ixqfwlrq rq ^d￿>d`1 Dqdorjrxvo|/  lv d frqyh{
ixqfwlrq rq ^d>d ￿`1 Wkhuhiruh/  lv devroxwho| frqwlqxrxv rq hyhu| frpsdfw vxevhw
ri +d>d ￿,^+d￿>d,1 E| Uxglq +4<:7,/ wkhuh h{lvwv 3=D $? . dq lqwhjudeoh ixqfwlrq
vxfk wkdw +|,+{,@
U |
{ 3+d,gd/ iru dq| {>| 5 +d>d ￿,r u{>| 5 +d￿>d,/ dqg wklv
frpsohwhv wkh surri ri +l,1
Wkh surri ri +ll, lv dqdorjrxv1 
Surri ri Ohppd 6151 +l, Ohw 3=D $? . eh dv lq Ohppd 5 +l,1 Zh fdq dvvxph wkdw
3 lv uljkw frqwlqxrxv/ qrq0ghfuhdvlqj rq ^d>d ￿, dqg qrq0lqfuhdvlqj rq +d￿>d`1 Wkhq
33 lv htxdo/ lq wkh glvwulexwlrqdo vhqvh rq ?/ wr d phdvxuh ghqhg rq wkh Eruho
vhwv ri D qrq0qhjdwlyh rq ^d>d ￿, dqg qrq0srvlwlyh rq +d￿>d` +vhh Uxglq +4<:7,/
Wkhruhp ;19,1 Wdnlqj *3 lq wkh sodfh ri *> e 5 Di d￿j lq wkh surri ri Ohppd 5
+l, dqg lqwhjudwlqj e| sduwv lq wkh glvwulexwlrqdo vhqvh +vhh Uxglq +4<<4, iru wkh
ghqlwlrqv,= ]
D









+d￿>d‘ duh frqyh{ ixqfwlrqv1 Wkhuhiruh/ 33 fdq eh lghqwlhg zlwk d uljkw frq0
wlqxrxv ixqfwlrq qrq0ghfuhdvlqj dqg qrq0qhjdwlyh rq ^d>d ￿, dqg qrq0ghfuhdvlqj
dqg qrq0srvlwlyh rq +d￿>d`/ doprvw hyhu|zkhuh1 Dqdorjrxvo|/ lq wkh glvwulexwlrqdo
vhqvh wkh ghulydwlyh ri 33 fdq eh lghqwlhg zlwk d qrq0qhjdwlyh phdvxuh  ghqhg
rq wkh Eruho vhwv ri D +xvh Wkhruhp ;19 ri Uxglq +4<:7, dqg wkh idfw wkdw 33 lv
qrq0ghfuhdvlqj rq ^d>d ￿,d q gr q+ d￿>d`/ doprvw hyhu|zkhuh,1
Vlqfh  lv frqyh{ rq ^d>d ￿, dqg frqfdyh rq +d￿>d`/ zh kdyh wkh iroorzlqj
lqhtxdolwlhv
+d,  +d￿
￿,  3+d,+d  d￿,  3> zkhq d?d ￿>





d￿d￿ @ i33+d￿,o l p
d$d￿+d 
d￿,3+d, @ 3/ iru doo i 5 I1 Lqwhjudwlqj e| sduwv zh jhw53
]
D






@ i3+d,3+d,  i3+d,3+d,.
]
D
ig> ;i 5 I=
X v l q jO h p p d5+ l ,z hf r q f o x g hw k hs u r r i 1
Wkh surri ri +ll, lv dqdorjrxv1 
Surri ri Wkhruhp 6131 Zh zloo rqo| suryh +l, ehfdxvh wkh surri ri +ll, lv dqdorjrxv1
Zh kdyh wr frqvlghu wzr fdvhv=
+d, Dvvxph F41 Ghqh G @ i{ 5 F>Yd+{>d￿,@3 j1E | D 5 /G lv d frqyh{ vhw1




v1w1 Y +{>d￿,  Y +{> , 5 
Y +{>d￿,  3=
E| wkh Vodwhu frqglwlrq F4/ Nxkq dqg Wxfnhu Wkhruhp +vhh Oxhqehujhu
+4<9<,/ Wkhruhp 4/ vhf ;16, dqg Ohppd 4/ wkhuh h{lvw 4  3d q g 5P .+D,
vxfk wkdw {￿ pd{lpl}hv




lq G vxfk wkdw 4 Y +{￿>d ￿,@3d q g
U
D Ydd+{￿>d,g+d,@3 1
53 Wkh whup i33md
d lv frqvlghuhg dv d sduw ri
U
D ig12￿
Wr frpsohwh wkh surri zh rqo| kdyh wr jxdudqwhh wkh h{lvwhqfh ri Odjudqjh





Xqghu dvvxpswlrqv D40D6 dqg F4/ wklv lv wkh fdvh/ l1h1/ wkhuh h{lvwv 5 5?
vxfk wkdw {￿ lv d fulwlfdo srlqw ri O+{>d￿,1 Vlqfh O+>d ￿, lv d frqfdyh ixqfwlrqdo/
{￿ lv d joredo pd{lpxp ri O+{>d￿,1
+e, Dvvxph F51 Li Y +{￿>d ￿, @ 3/ wkh surri lv dqdorjrxv wr wkh surri ri +d,1
Vxssrvh wkdw Y +{￿>d ￿, A 31 Wkhq {￿ 5 b G +ehfdxvh Y +>d ￿,l vd qd  q hp d s ,




v1w1 Y +{>d￿,  Y +{> , 5 
Wkh uhvw ri wkh surri lv vlplodu wr +d, zlwk 4 @3 1 
Surri ri Wkhruhp 6141 Wkhruhp 614 lv d fruroodu| ri Wkhruhp 613 dqg Ohppd 6151

Surri ri Wkhruhp 6151 Iluvw vxssrvh wkdw d￿ 5 +d>d,1 Ghqh i>j4>j 5=O ?$?
vxfk wkdw
i+k,@kX+{￿>d ￿,
j4+k,@Y +{￿>d ￿,.kY +{￿>d ￿,
j5+k,@kYd+{￿>d ￿,
dqg j6=O ?$F5+D,v x f kw k d w
j6+k,@Y +{￿>d ￿,  Y +{￿> ,.k+Y +{￿>d ￿,  Y +{￿> ,,
Lw lv hdv| wr vhh wkdw i>j4>j 5>j 6 d u hd  q hi x q f w l r q v 1




v1w1 j4+k,  3
j5+k,@3
j6+k, 5 
kdv d Odjudqjldq dqg 3 5 O?lv lwv vroxwlrq1 Frqglwlrq F6 jxdudqwhhv wkh Vodwhu
frqglwlrq iru wklv sureohp1 Wkhuhiruh/ zh rqo| kdyh wr vkrz wkdw 3 lv lwv vroxwlrq1
Wdnh k 5 O ?vdwlvi|lqj wkh frqvwudlqwv ri wkh sureohp deryh1 Ghqh iru hdfk
 5 ^3>4`/ k￿ @ k3.+4,k1W k x v /j4+k￿, A 3/ j5+k￿,@3d q gj6+k￿, 5 lqw+,/2e
iru doo  5 +3>4`/ e| F6 dqg wkh idfw wkdw j4>j 5>j 6 d u hd  q hi x q f w l r q d o v 1 I l {




Zh kdyh wkdw * lv F4/ *+3>d ￿,@3d q g*d+3>d ￿, ? 3 +e| F6,1 E| wkh Lpsolflw
Ixqfwlrq Wkhruhp dqg F6 zh fdq sxw d dv d F4 ixqfwlrq ri w/ d+w,/ lq d qhljkeru0
krrg ri +3>d ￿,v x f kw k d wd+3, @ d￿/ *+w>d+w,, @ 3 lv vdwlvhg iru doo w qhdu 3 dqg
d3+3, @ 3 +vlqfh j5+k￿, @ 3,1 Wkh Wd|oru irupxod lpsolhv wkdw
Y +{￿ . wk4
￿>d+w,.wk5
￿,@Y +{￿>d ￿,.wk￿Y +{￿>d ￿,.u+w,

















Vlqfh j4+k￿, A 3/ j4+3,  3/ iru wA3 vxflhqwo| vpdoo/ Y +{￿ . wk4
￿>d+w,.
wk5





iru w vxflhqwo| vpdoo/ l1h1/ d+w,.wk5
￿ lv d vwulfw orfdo pd{lpxp ri Y +{￿ .wk4
￿> ,1
Dqdorjrxvo|/
Y +{￿ . wk4
￿>d+w,.wk5












w @3 /i r uh d f kd 5 D1
Krzhyhu/ d+w,.wk5
￿ lv d vwulfw orfdo pd{lpxp ri Y +{￿.wk4
￿> ,/ j6+k￿, 5 lqw+,
dqg j6+3, 5 / zklfk lpsolhv wkdw Y +{￿.wk4
￿>d+w,.wk5
￿,Y +{￿.wk4
￿> , 5 lqw+,154
Vlqfh +{￿>d ￿, lv wkh vroxwlrq ri wkh prudo kd}dug sureohp dqg +{￿.wk4
￿>d+w,.
wk5
￿, lv ihdvleoh iru wkdw sureohp/ X+{￿ .wk4
￿>d+w,.wk5
￿,  X+{￿>d ￿,/ iru doo wA3
vxflhqwo| vpdoo1
Wkhuhiruh/ k￿X+{￿>d ￿,  3/ vlqfh d3+3, @ 31 Pdnlqj  $ 3/ kX+{￿>d ￿,  31
Li d￿ @ d +uhvshfwlyho| d￿ @ d,/ wkh surri lv dqdorjrxv1 
54 E| wkh frpsdfwqhvv ri wkh frpsohphqw ri dq rshq lqwhuydo durxqg d￿12D
Uhihuhqfhv
Gxwwd/ S1 N1 dqg U1 Udgqhu/ 4<<71 Prudo Kd}dug1 Kdqgerrn ri Jdph Wkhru|/
yroxph 5/ fkds1 59/ ;:30<361
Jurvvpdq/ V1 M1 dqg R1 G1 Kduw/ 4<;61 Dq Dqdo|vlv ri wkh Sulqflsdo0Djhqw Sure0
ohp1 Hfrqrphwulfd 84/ :0791
Kropvwurp/ E1/ 4<:<1 Prudo Kd}dug dqg Revhuydelolw|1 Ehoo Mrxuqdo ri Hfrqrplfv
43/ :70<41
Mhzlww/ L1/ 4<;;1 Mxvwli|lqj wkh Iluvw Rughu Dssurdfk wr wkh Sulqflsdo0Djhqw Sure0
ohpv1 Hfrqrphwulfd 89/ 44::044<31
Oxhqehujhu/ G1 J1/ 4<9<1 Rswlpl}dwlrq e| Yhfwru Vsdfh Phwkrgv1 Mrkq Zloh| )
Vrqv/ Lqf1
Plojurp/ S1/ 4<;41 Jrrg Qhzv dqg Edg Qhzv= Uhsuhvhqwdwlrq Wkhruhpv dqg
Dssolfdwlrqv1 Wkh Ehoo Mrxuqdo ri Hfrqrplfv 45/ 6;306<41
Pluuohhv/ M1 D1/ 4<:81 Wkh Wkhru| ri Prudo Kd}dug dqg Xqrevhuydeoh Ehkdylru 0
Sduw L1 Plphr/ Qxhog Froohjh/ R{irug1
Pluuohhv/ M1 D1/ 4<;91 Wkh Wkhru| ri Rswlpdo Wd{dwlrq1 Lq= Duurz/ N1 M1/ Lqwulo0
oljdwru/ P1 G1 +hgv, Kdqgerrn ri Pdwkhpdwlfdo Hfrqrplfv/ Yro1 LLL1 Qruwk0
Kroodqg/ Dpvwhugdp/ 44<:0457<1
Pluuohhv/ M1 D1 dqg N1 Z1 V1 Urehuwv/ 4<;31 Ixqfwlrqv zlwk Pxowlsoh Pd{lpd1
Plphr/ Qxhog Froohjh/ R{irug1
Sdjh/ I1 K1/ 4<;:1 Wkh H{lvwhqfh ri Rswlpdo Frqwudfwv lq wkh Sulqflsdo0Djhqw
Prgho1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 49/ 48:049:1
Uhhv/ U1/ 4<;:1 Wkh Wkhru| ri Sulqflsdo dqg Djhqw= Sduw L dqg Sduw LL1 Lq= Kh| M1
G1/ Odpehuw S1 M1 +hgv, Vxuyh|v lq Hfrqrplfv ri Xqfhuwdlqw|1 Edvlo Eodfnzhoo
Owg/ 790<31
Urjhuvrq/ S1 Z1/ 4<;81 Wkh Iluvw0Rughu Dssurdfk wr Sulqflsdo0Djhqw Sureohpv1
Hfrqrphwulfd 86/ 468:0469;1
Uxglq/ Z1/ 4<:71 Uhdo dqg Frpsoh{ Dqdo|vlv1 PfJudz0Kloo/ Lqf1/ 5qg hg1
Uxglq/ Z1/ 4<<41 Ixqfwlrqdo Dqdo|vlv1 PfJudz0Kloo/ Lqf1/ 5qg hg1
Vkdyhoo/ V1/ 4<:<1 Ulvn Vkdulqj dqg Lqfhqwlyhv lq Sulqflsdo dqg Djhqw Uhodwlrqvkls1
Ehoo Mrxuqdo ri Hfrqrplfv 43/ 880:61
Vlqfodlu0Ghvjdjq h/ E1/ 4<<71 Wkh Iluvw0Rughu Dssurdfk wr Pxowl0Vljqdo Sulqflsdo0
Djhqw Sureohpv1 Hfrqrphwulfd 95/ 78<079812S
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Figure 2